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We present the details of the novel framework for Lagrangian field theories that are Lorentz-invariant and
lead to at most second order equations of motion. The use of antisymmetric structure is of crucial importance.
The general ghost-free Lagrangians are constructed and then translated into the language of differential forms.
The ghost-freeness has a geometric nature. A novel duality is proposed which generalizes the Hodge duality
in Maxwell’s theory. We discuss how the well-established theories are reformulated and propose many new
theories.
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I. INTRODUCTION
Antisymmetry plays a fundamental role in theoretical
physics. In Lagrangian field theories, the field strengths in
gauge theories and the Riemann curvature tensor in general
relativity are the commutators of two covariant derivatives. By
Legendre transformation, the Lagrangian theories are refor-
mulated as Hamiltonian systems. Both the symplectic struc-
tures of the phase space and the Poisson brackets in Hamil-
ton’s equations are antisymmetric objects. In addition, the
Poisson brackets are closely connected to the commutator
brackets in quantum mechanics.
Besides general relativity, antisymmetric structure appears
in the theories of modified gravity. Since Albert Einstein con-
ceived the general theory of relativity, there have been many
attempts to construct gravitational theories that are different
from Einstein’s theory.
General relativity can be thought of as a nonlinear theory of
massless spin-2 field. One of the simplest idea of modifying
the theory of gravity is to give the graviton a mass. To avoid
the ghost-like degrees of freedom, the mass term in the linear
theory needs the Fierz-Pauli tuning [1]
LFP ∼ m2 (hµ1µ1hµ2µ2 − hµ1µ2hµ2µ1) = m2 hµ1 [µ1hµ2µ2],
(1)
where [. . . ] indicates the indices inside the bracket are anti-
symmetrized. We use the unnormalized convention for anti-
symmetrization throughout this paper.
Recently, the linear ghost-free mass term was extended to
the nonlinear level [2]
L(k)dRGT ∼ m2 (
√
g η−1 )µ1
[µ1
. . . (
√
g η−1 )µk
µk]
, (2)
where
√
g η−1 is the square root of the metric product g η−1.
At the lowest order, the dRGT terms reduce to the Fierz-Pauli
mass term.
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Another possibility is to consider high order derivative the-
ories of the metric field. Lovelock showed in [3] that the gen-
eral Lagrangian of metric theories that lead to second order
equations of motion is a sum of the terms below
L(k)Lovelock ∼
√−g Rµ1µ2 [µ1µ2 . . . Rµ2k−1µ2kµ2k−1µ2k]. (3)
The Lovelock terms are the products of the Riemann curvature
tensor whose indices are contracted antisymmetrically.
The third choice to modify gravity theory is introducing
more degrees of freedom, for example an additional scalar
field in Brans-Dicke theory [4]. Following Lovelock’s ap-
proach, the most general scalar-tensor theory whose equations
of motion are directly of second order was constructed by
Horndeski [5]. Let us consider flat spacetime for simplicity.
The ghost-free Lagrangians of single scalar field with high or-
der derivative terms are known as Galileons [6]
L(k)Galileon ∼ fk ∂µ1∂[µ1Φ . . . ∂µk∂µk]Φ, (4)
where fk are scalar functions of Φ and ∂ρΦ ∂ρΦ.
There are some common features in these Lagrangian the-
ories of modified gravity (2, 3, 4) :
1. they are Lorentz-invariant;
2. they are free of ghost-like degrees of freedom;
3. the indices are contracted antisymmetrically;
4. the numbers of possible terms are finite.
The precise meanings of Lorentz-invariant and ghost-free are
discussed in section II. The fourth feature is a consequence of
the third one because the numbers of antisymmetrized indices
can not be larger than the dimensions of spacetime. Are the
first two features related to the third one as well?
In addition, the first three features are not limited to the
theories of modified gravity. They are shared by the conven-
tional theories. For example, the linearized Einstein-Hilbert
term reads
LEH ∼ hµ1 [µ1∂µ2∂µ2hµ3µ3] (5)
2and the Maxwell kinetic term for spin-1 field is
LMaxwell ∼ Aµ1∂µ2∂[µ1Aµ2]. (6)
Based on these examples, we are tempted to believe that
there exists a unifying framework for Lagrangian field theo-
ries that are both ghost-free and Lorentz-invariant. Antisym-
metrization should be the key ingredient. The goal of this
work is to present such a general framework [7] in detail.
This paper is organized as follows: in section II the gen-
eral ghost-free Lagrangians are “derived" and the importance
of antisymmetric Kronecker delta is discussed; in section III
these Lagrangians are translated into the language of differ-
ential forms, the geometric nature of ghost-freeness is eluci-
dated and a generalization of the Hodge duality is proposed;
in section IV, examples are presented which include the re-
formulations of the known theories and the proposals of new
ghost-free theories; in section V we summarize the results and
discuss the outlook.
The appendices are some concrete examples of the abstract
discussions in the main text. They are a simple example of Os-
trogradsky’s instability in Appendix A, linearized (massive)
gravity as ghost-free theories of spin-2 fields in Appendix B,
the translation of the Galileons to differential forms in Ap-
pendix C, the Maxwell term and the Einstein-Hilbert terms as
double forms in Appendix D.
II. GENERAL GHOST-FREE LAGRANGIANS
In this section, the general framework is developed in the
language of tensors. The general expression of ghost-free
Lagrangians is presented in subsection II H. The basic as-
sumptions are Lorentz-invariance and second order equations
for the decomposed fields, which are explained in subsec-
tions II A, II B and II C. The key ingredient is the antisym-
metric Kronecker delta, which is based on two chains of anti-
symmetrized indices constructed in subsections II D and II E.
Some technical points are discussed in subsections II F and
II G.
A. Lorentz invariance
In a Lorentz-invariant Lagrangian, the dynamical fields
transform covariantly as Lorentz tensors under global, exter-
nal Lorentz transformation. The indices are raised and low-
ered by the Minkowski metric.
In the metric theories, the dynamical field can be identi-
fied as the full metric or the metric perturbation around the
Minkowski background
hµν = gµν − ηµν , (7)
where gµν and ηµν are the full and Minkowski metrics. A
theory of spin-2 field is Lorentz-invariant if it is constructed
from hµν , ηµν , ηµν and ∂µ with no free index.
In general, the indices in a Lorentz-invariant Lagrangian
are contracted with a constant Lorentz-covariant tensor. The
building blocks of this constant tensor are the Minkowski met-
ric (ηµν , ηµν) and the Levi-Civita symbol
ǫµ1...µD = δ
0
[µ1
. . . δD−1
µD ]
= (−1)p, (8)
where p is the number of exchanges of indices required to
transform {µ1, . . . , µD} to {0, 1, . . . , D−1}. D is the space-
time dimension. By definition, the Levi-Civita symbol is to-
tally antisymmetric in all the indices
ǫ...µi...µj ... = −ǫ...µj ...µi.... (9)
In this work, we consider Lorentz-invariant theories which
satisfy the above requirements.
B. Ostrogradsky’s instability
The Hamiltonian of a theory should be bounded from be-
low. If a kinetic term has a wrong sign, the energy will not
have a lower bound and the modes with negative kinetic en-
ergy are ghost-like degrees of freedom.
When a Lagrangian contains high order terms, the Hamil-
tonian could be linear in one momentum and therefore not
bounded from below. This is known as the Ostrogradsky in-
stability [8] . Here “high order terms” indicates second and
higher order derivative terms. To illustrate the instability in-
duced by higher order terms in the Lagrangian, an example is
discussed in Appendix A. In this example, a fourth order term
leads to additional degrees of freedom whose kinetic term has
a wrong sign.
However, if the higher order Lagrangian is degenerate, the
equations of motion could be of second order. In this case,
if the combination of higher order terms has a correct overall
sign, the Hamiltonian could be bounded from below and the
ghost-like degrees of freedom are eliminated. The absence of
higher order terms in the equations of motion is one of the
main working assumptions in this work 1 .
C. Longitudinal modes
In the theories of tensor fields, ghost-like degrees of free-
dom could be propagating even if the equations of motion are
of second order.
For example, the unique ghost-free Lorentz-invariant ki-
netic terms for spin-1 field is the Maxwell kinetic term, and
1 Recently, there appeared new classes of scalar-tensor theories [9] and [10],
which lead to higher order equations of motion but still seem be free of
ghost-like degrees of freedom. Hamiltonian analyses in the unitary gauge
[11] support the healthiness of these new theories. In [12], it was shown
that, in (generalized) Galileon models with arbitrary coefficients, the third
order time derivative terms arising in the equations of motion can be re-
moved by using the time derivative of second order equations of motions.
In this paper, we will not consider this interesting possibility and require
the equations of motion arising from the Lagrangians are directly of second
order.
3the unique ghost-free mass term for spin-2 field requires the
Fierz-Pauli tuning. If one relaxes the relative coefficients of
the Lorentz-invariant terms, the kinetic terms for the spin-1
field and the mass term for the spin-2 field will generate ghost-
like degrees of freedom.
The reason behind this is that the equations of motion for
the longitudinal modes could be of higher order. For exam-
ple, we can decompose the spin-2 field into the transverse and
longitudinal modes
hµν = h
T
µν + ∂µAν + ∂νAµ + ∂µ∂νφ, (10)
∂µhTµν = ∂
µAµ = 0, (11)
and a generic two-derivative action could lead to fourth order
terms of Aµ and sixth order terms of Φ in the equations of
motion.
Since some of the tensor indices become derivative indices,
the longitudinal modes are more dangerous than the transverse
modes. Among them, the longitudinal scalar modes are the
most dangerous because all the tensor indices are transformed
into derivative indices.
For tensor fields, the ghost-free working assumption be-
comes that the equations of motion for the decomposed modes
are at most of second order.
In Appendix B, the linear theories of spin-2 fields are in-
vestigated. The structures of the kinetic term and the mass
term are uniquely determined by Lorentz-invariance and the
requirement that the equations of motion for the decomposed
field (hTµν , Aµ, φ) are at most of second order. The results are
precisely the linearized Einstein-Hilbert kinetic term plus the
Fierz-Pauli mass term.
D. Two chains of antisymmetrized indices
In this subsection, two chains of antisymmetrized indices
are constructed from the assumptions of Lorentz-invariance
and ghost-freeness. We first discuss the derivative indices in
this subsection and then the tensor indices in the next subsec-
tion II E, which are parallel to subsection II B and subsection
II C.
A Lagrangian will not lead to higher order equations of mo-
tion if it is constructed from zeroth and first order derivative
terms. Here “higher order” means the equations of motion are
of more than second order.
Let us consider a Lagrangian which contains harmless ze-
roth order terms and dangerous second order terms
L ∼ φ . . . φ ∂∂φ . . . ∂∂φ. (12)
For the moment, we suppress the tensor indices in φ, where
φ could be tensor fields. The tensor indices are discussed in
next subsection II E. We also leave the discussion of first order
terms to subsection II F.
There must be zeroth order terms (or first order terms) in
the Lagrangian to have equations of motion of at most second
order. Without the zeroth order terms, the variation of the
second order term will generate third or fourth order terms
in the equations of motion, unless they vanish due to some
cancellation and then these terms have no dynamics.
At most second order terms are considered in the La-
grangians because of the presence of zeroth order terms. The
variations of the zeroth order terms will generate terms of the
same orders as those in the Lagrangian, so usually a higher or-
der (cubic, fourth,. . . ) term in the Lagrangian will lead to the
same higher order term in the equations of motion when there
are zeroth order terms, unless it is cancelled by other terms
from the variations of high order terms. As we explain below,
there are only two chains of antisymmetrized indices for the
derivatives, so terms with higher order derivatives will simply
vanish.
Now let us examine the equations of motion. To capture the
essence, we focus on the product of two second order terms
L = ∂a1∂a2φ∂b1∂b2φ . . . (13)
where . . . includes the zeroth order terms and other second
order terms.
Varying the action
´
dDxL with respect to φ gives us the
equations of motion
∂L
∂φ
= ∂a1∂b1∂b2φ∂a2(. . . ) + ∂a2∂b1∂b2φ∂a1(. . . )
+ ∂b1∂a1∂a2φ∂b2(. . . ) + ∂b2∂a1∂a2φ∂b1(. . . )
+ . . . (14)
Let us concentrate on the first term. The derivative indices
are contracted with a constant Lorentz-covariant tensor
Cµ,ρσ...∂µ∂ρ∂σφ (. . . ) . (15)
The derivatives commute with each others, so the coefficient
of a third order term is a sum over C with different orders of
indices. For example, the explicit coefficient of a specific term
is
(C1,23... + C1,32... + C2,13... + C2,31...
+C3,12... + C3,21...)∂1∂2∂3φ (. . . ). (16)
To avoid the unwanted third order term, we require the covari-
ant tensor C to solve
Cµ,ρσ... + Cµ,σρ... + Cρ,µσ... + Cρ,σµ...
+ Cσ,ρµ... + Cσ,µρ... = 0. (17)
This is a “local” equation which guarantees the coefficient of
∂a1∂b1∂b2φ vanishes by considering only the two second or-
der terms. There could be theories whose C do not solve this
local equation, but the coefficient of the third order term still
vanishes by taking into account the contribution from other
terms. However, no example of such kind is known.
We first give an intuitive solution to eq. (17). Assume
the building blocks of C are the Minkowski metric ηµν and its
inverse ηµν , which do not include the Levi-Civita symbol. We
can expand C in terms of η
Cµ,ρσ... = ηµρησα(C1)α
...
+ ηµσηρα(C2)α
...
+ηρσηµα(C3) α
...
. (18)
4There could be one more term
ηµαηρβησγ(C4)αβγ
...
, (19)
but since C4 are constructed from η, two of the three indices
(α, β, γ) will be contracted with η and thus the C4 term is
not independent.
The equation (17) requires
(ηµρησα+ηµσηρα+ηρσηµα)(C1 + C2 + C3)α
... = 0. (20)
The solution of C is
Cµ,ρσ... = (ηµρησα − ησρηµα)(C1)α...
+ (ηµσηρα − ηρσηµα)(C2)α... (21)
which can be reduced to one term by changing the order of the
indices in the second derivative.
Therefore, the first term in eq. (14) vanishes when either
(a1, b1) or (a1, b2) are antisymmetrized. The formal way
to derive the same solution is decomposing Cµ,ρσ... accord-
ing to the permutation group. The totally antisymmetric part
vanishes as the indices (ρ, σ) are contracted with the second
derivative indices. The local equations (17) indicates the to-
tally symmetric part should vanish, so we are left with the
mixed parts and arrive at the same result.
For the second term in eq. (14), we also have two choices:
either (a2, b1) or (a2, b2) are antisymmetrized. Therefore, we
have two ansatzes to avoid higher order terms in the equations
of motion
• (a1, b1) and (a2, b2) are two sets of antisymmetrized
indices;
• (a1, b2) and (a2, b1) are two sets of antisymmetrized
indices.
Then we impose the same requirements to other combina-
tions of second derivative terms. This lead us to two chains
of antisymmetrized indices. The indices in the second or-
der derivative must be in one of the antisymmetric chains.
The third and higher order terms are not allowed in the La-
grangians because the third derivative index and one of the
first two indices are antisymmetrized.
E. Tensor field indices
As discussed in subsection II C, it is not sufficient to have
equations of motion of at most second order to avoid ghost-
like degrees of freedom. The longitudinal modes in the ten-
sor fields could lead to higher order equations of motion and
they are still dangerous. Among them, the longitudinal scalar
modes are the most dangerous because all the tensor indices
become derivative indices
φµ1µ2...µs = ∂µ1∂µ2 . . . ∂µsΦ. (22)
We should require the equations of motion for the decom-
posed field are at most of second order.
Firstly, the tensor indices in the second order terms should
be antisymmetrized according to the analysis in the previ-
ous subsection II D. Secondly, the tensor indices of the spin-2
fields without derivative should be antisymmetrized as well
because a decomposed spin-2 field according to eq. (10) con-
tains a second order term of the longitudinal scalar mode.
Thirdly, the tensor indices of the symmetric spin-2 field
should be in different chains, otherwise this term will vanish
due to antisymmetry.
To antisymmetrize all the tensor field indices is a sufficient
but not necessary condition for at most second order equations
of motion for the decomposed fields. In principle, higher or-
der terms could vanish without the help of the antisymmet-
ric structure if two of the derivative indices are already an-
tisymmetrized or the derivatives are contracted with the de-
composed fields (see eq. (11) for example). However, we do
not know any example where all the longitudinal higher order
terms vanish without the antisymmetric structure.
F. First order terms
First order terms are the first derivative of the dynamical
fields
∂µΦ, ∂µAν , ∂µhνρ. (23)
They are dangerous when the Lagrangian contains second or-
der terms. To explain this, let us consider the product of a first
order term and a second order term
L = ∂a1φ1 ∂b1∂b2φ2 . . . (24)
where φ1 and φ2 could be tensor fields and they could be the
same or different dynamical fields. The equation of motion
has a third order term
δL
δφ1
= −∂a1∂b1∂b2φ2 · · ·+ . . . (25)
Based on the analysis of subsections II D and II E, the
derivative and tensor field indices of the first order terms
should be antisymmetrized. The tensor indices should be an-
tisymmetrized because the first derivative of the tensor fields
are at least of second order for the longitudinal scalar modes.
However, there is an exception for the Lagrangians of single
scalar field
L = ∂a1Φ ∂b1∂b2Φ . . . , (26)
where Φ is a scalar field without tensor indices. The equation
of motion has two third order terms
δL
δΦ
= −∂a1∂b1∂b2Φ + ∂b1∂b2∂a1Φ · · ·+ . . . (27)
which cancel out due to the different numbers of integrations
by parts.
In general, the exceptional cases where first order terms are
harmless are: after decomposition the scalar field in the first
order terms are the only scalar field in the second order terms.
5G. Single-index terms
A single-index term is a term with only one index. They
are the first derivative of the scalar fields and the spin-1 fields
without derivative
∂µΦ, Aµ. (28)
The concepts of single-index terms are different from that of
the first order terms which are the first derivative of dynamical
fields.
The scalar field without derivative (zero-index terms) are al-
ways harmless. Single-index terms could be harmless as well.
In contrast, the other terms are usually dangerous and should
be antisymmetrized 2.
Based on the analysis of subsection II F, ∂µΦ is dangerous
when there are terms like.
∂µ∂
νΦ˜,
∂µA
ν , ∂νAµ, ∂µ∂
νAµ, ∂µ∂
νAν ,
hµ
ν , ∂µhµ
ν , ∂νhµ
ν , ∂µ∂
νhµ
ν , (29)
where Φ˜ is a different scalar field.
The longitudinal scalar field Φ in Aµ is more dangerous
than the transverse vector field
Aµ = A
T
µ + ∂µΦ. (30)
Aµ is dangerous when there are terms like
∂µ∂
νΦ˜,
∂µA˜
ν , ∂νA˜µ, ∂µ∂
νA˜µ, ∂µ∂
νA˜ν ,
∂µ∂
νAµ, ∂µ∂
νAν ,
hµ
ν , ∂µhµ
ν , ∂νhµ
ν , ∂µ∂
νhµ
ν , (31)
where Φ˜ is different from the longitudinal scalar mode in Aµ,
A˜ is a different spin-1 field. The case ∂µ∂νAµ is discussed in
detail in subsection IV B.
H. General ghost-free Lorentz-invariant Lagrangians
From the two antisymmetric chains, we can construct the
antisymmetric Kronecker delta
δµ1µ2...µkν1ν2...νk = δ
[µ1
ν1
δµ2ν2 . . . δ
µk]
νk
, (32)
where [. . . ] are unnormalized antisymmetrization.
2 There are exceptional cases. For example, we could construct the theories
from the field strengths of spin-1 fields. The longitudinal modes the field
strengths are absent. These two-index terms are similar to the first deriva-
tives of the scalar field, so they could be harmless even if they have two
indices.
The antisymmetric Kronecker delta can be constructed
from two Levi-Civita symbols and some Minkowski metrics
δµ1µ2...µkν1ν2...νk
=
ǫν1ν2...νDǫ
µ1µ2...µD (η η−1)µk+1
νk+1 . . . (η η−1)µD
νD
k!(D − k)! .
(33)
The general ghost-free Lagrangians are
L =
∑
dDx f δµ1µ2...ν1ν2...
∏
ωµ...
ν..., (34)
where f are scalar functions of the harmless terms. To sim-
plify the notation, the subscripts i in the indices µi and νi are
not written explicitly in ω.
The scalar functions f could be functions of the scalar field
Φ. If some single-index terms are harmless according to dis-
cussion of subsection II G, they can live in the scalar function
f as well.
In the products, each ω could be different from the others
and they could be chosen from
∂µΦ, ∂
νΦ, ∂µ∂
νΦ,
Aµ, ∂µAµ, ∂
νAµ, ∂µ∂
νAµ,
Aν , ∂µA
ν , ∂νAν , ∂µ∂
νAν ,
hµ
ν , ∂µhµ
ν , ∂νhµ
ν , ∂µ∂
νhµ
ν . (35)
The ghost-free terms are the products of scalar functions f
and the building blocks ω in (35), where the indices of the
building blocks are antisymmetrized using the antisymmetric
Kronecker delta.
By construction, the equations of motion for the decom-
posed fields are at most of second order thanks to the anti-
symmetric structure.
Below are a few comments on the general Lagrangians:
• To derive the antisymmetric Kronecker delta, one chain
of antisymmetrized indices are raised by the Minkowski
metric. It is assumed that the lengths of the two chains
are the same and the indices are contracted with each
others. There might be exceptions and some of the in-
dices in one chain is not contracted with the indices
in the other chain. These free indices are then con-
tracted with the harmless single-index terms, which are
the only possible terms that are not antisymmetrized.
Due to the antisymmetric structure of the chain indices,
the indices of the harmless single-index terms will be
absorbed to the other chain. The Lagrangians are still
in the form of eq. (34).
• To ensure the Hamiltonian is bounded from below, the
signs of the scalar functions f are vary important. It is
possible that the energy is bounded from above due to a
wrong sign of f in spite of the absence of higher order
terms in the equations of motion.
• By field redefinitions, integration by parts and using
the properties of the antisymmetric Kronecker delta, a
ghost-free Lagrangian can be transformed into a differ-
ent form. If the new formulation again takes the form
6of eq. (34), the two Lagrangians are equivalent. In most
of the cases, the new formulation is not in the form of
eq. (34), then one way to show the new Lagrangian is
ghost-free is undoing the changes and then bringing it
back to the antisymmetric form.
For example, the f(R) gravity seems to be propagating
ghost-like degrees of freedom because the second or-
der derivative indices are not totally antisymmetrized.
However, by field redefinitions, a f(R) theory is equiv-
alent to a scalar-tensor theory which does not contain
dangerous high order terms. One can conclude that no
ghost-like degrees of freedom is generated by high or-
der terms in the f(R) gravity.
• There could be nonlinear extensions for the general
ghost-free Lagrangians (34). This is very common for
the theories of spin-2 fields. For example, the Einstein-
Hilbert action is an infinite series in terms of the met-
ric perturbation hµν and only the leading term takes an
antisymmetric form. In subsection IV D, the nonlinear
completion for the ghost-free theories of spin-2 field are
investigated.
In general, the lowest order terms of the nonlinear
ghost-free Lagrangians should take the form of eq.
(34). This is because in the weak field region, the La-
grangians are dominated by the lowest order terms and
the higher order terms can be neglected. The theo-
ries should be still free of ghost-like degrees of free-
dom. Without the complication from the infinite num-
bers of nonlinear terms, the expressions of the lowest
order terms can be determined to be eq. (34).
III. THE FRAMEWORK IN THE LANGUAGE OF
DIFFERENTIAL FORMS
In the section, the general framework are reformulated in
the language of differential forms. In subsection III A, the mo-
tivations to introduce differential forms are explained. Then
the general Lagrangians are translated into the language of
differential forms in subsection III B. In this formulation, the
absence of higher order terms originates in a basic fact in dif-
ferential geometry, which is discussed in subsection III C. In
the subsection III D, a novel duality of the general ghost-free
Lagrangians is proposed, which generalizes the Hodge duality
in Maxwell’s theory. A novel mathematical concept, “double
form”, is proposed in subsection III E.
A. Motivations
The first motivation to use the language of differential
forms is from the crucial importance of antisymmetrization
in the general ghost-free Lagrangians (34). It is natural to
replace the antisymmetrization among the indices of differ-
ent second order terms with an antisymmetric product. The
wedge product in differential geometry is a natural choice.
The second motivation comes from the fact that differential
form provides a unified approach to defining the integrands.
The Lagrangians are the integrands of the action which in-
tegrate over the spacetime manifolds, such as curves, surface,
volumes. As a unifying framework, the general ghost-free La-
grangians should be reformulated as differential forms.
Usually, the Lagrangians are some trivial products of scalar
functions and the volume forms dDx, where the scalar func-
tions are known as Lagrangian densities. In contrast, for high
derivative or tensor field theories, the Lagrangians have non-
trivial structures. For example, the Lovelock terms in the lan-
guage of differential forms are the wedge product of curvature
two-forms and vielbeins
LLovelock ∼ R ∧ · · · ∧R ∧ E ∧ · · · ∧ E, (36)
where R is the curvature two-form and E is the dynamical
vielbein. We can see the curvature two-form is part of the
differential forms in the wedge products. This leads us to the
next motivation.
The third motivation is due to the Zumino’s elegant refor-
mulation [13] of the Lovelock theories (36). The Lovelock
gravity is the most general metric theory that leads to second
order equations of motion. Although the Lovelock terms (3)
are the products of the Riemann curvature tensor, which are
second order terms, the equations of motion do not contain
higher order terms.
In the formulation of differential forms, the equations of
motion are obtained by varying the integrals of the Lovelock
terms (36). The variations of the curvature two-forms give the
covariant derivative of the variations of spin connection
δR = D(δω), (37)
where ω is the spin connection. After integrating by parts, the
covariant derivative acts on other curvature two-forms. They
are third order terms in the equations of motion. However,
it is known that these dangerous terms vanish thanks to the
Bianchi identities
DR = 0, (38)
which originates in the basic fact that the square of exterior
derivative vanishes
d2 = 0. (39)
The Lovelock theory is ghost-free because every exact form
is closed or the boundary of a boundary vanishes. The third
motivation for introducing the language of differential forms
is to generalize this statement to other ghost-free theories.
B. Translation
It is straightforward to translate the general ghost-free La-
grangians from the language of tensors into that of differential
forms:
71. Substitute the volume form dDx and the µ-Levi-Civita
symbol with the wedge products of dxµi
dDx ǫµ1µ2...µD → dxµ1 ∧ dxµ2 ∧ · · · ∧ dxµD ; (40)
2. Construct the Minkowski vielbein
ηµ
νdxµ → ην ; (41)
3. Introduce more differential forms
ωµ1...
ν1...dxµ1 · · · → ων1... . (42)
where ωµ1...ν1... are chosen from (35).
The translation is completed after these three steps. To illus-
trate the abstract procedures of translation, we consider the
case of single scalar field in Appendix C, where the transla-
tion is worked out step by step in an explicit way.
Therefore, the general ghost-free Lagrangians are D-forms
L =
∑
f ǫν1...νD ω
ν1 ∧· · ·∧ωνk ∧ηνk+1 ∧· · ·∧ηνD , (43)
where ω could be different differential forms.
Schematically, the general ghost-free Lagrangians read
L =
∑
f ω ∧ · · · ∧ ω, (44)
where ω could be different matter differential forms and ge-
ometric differential forms. The matter forms are built from
(35) and eq. (42). The geometric forms are nonlinear, geo-
metric completion for the differential forms constructed from
the fourth line of (35). η is considered as a geometric form
as well. The nonlinear completion of the geometric forms are
discussed in subsection IV D.
In the above translation, we use the µ-Levi-Civita sym-
bol to construct differential forms. Since there are two Levi-
Civita symbols, we could use the ν-Levi-Civita symbol in-
stead. Therefore, the general ghost-free Lagrangians have
dual formulations by exchanging the µi and νi indices. This
duality is discussed in more detail in subsection III D.
C. Geometric nature of ghost-freeness
Now let us examine how the higher order terms are avoided
in the formulation of differential forms. By construction, the
derivative terms are exact forms. For example, the second
order terms are
∂µ∂
νφdxµ = d(∂νφ), (45)
where φ could be tensor fields. For simplicity, the tensor in-
dices of φ and the corresponding dxµ are not written explic-
itly.
Varying the action with respect to the dynamical field, the
exterior derivative will move to other terms. If the exterior
derivative acts on a second order term, third order terms can
be generated in the equations of motion. However, the sec-
ond order terms are exact forms and their exterior derivatives
vanish due to
d2 = 0 (46)
and the higher order terms will not appear in the equations of
motion.
Therefore, the statement concerning the nature of the ghost-
freeness in Lovelock’s gravity in subsection III A is general-
ized to other ghost-free theories in the general framework.
The general statement is that the dangerous higher order
terms are absent because every exact form is closed. This is
the geometric nature of ghost-freeness, which follows from
the “local” ghost-free equation (17).
To complete the discussion of higher order terms, one
should go to the dual formulation which concerns with the
ν-derivatives. Higher order terms induced by additional ν-
derivatives are also absent because of the same property of
exterior derivative.
D. Novel duality
In four dimensions, the vacuum Maxwell’s equations are
invariant under the electromagnetic duality. In the language
of differential forms, the Maxwell kinetic term
LMaxwell ∼ F ∧ ∗F (47)
is invariant under the Hodge star operator
F → ∗F. (48)
In the general framework, the Maxwell kinetic term in the
form of (34) reads
LMaxwell ∼ dDx δµ1µ2ν1ν2 ∂µ1Aµ2∂ν1Aν2 . (49)
The Hodge star operator is a transformation that exchanges µi
and νi indices
µi ↔ νi, (50)
which is the new duality discussed at the end of subsection
III B. This novel duality for general ghost-free theories is a
generalization of the Hodge duality in Maxwell’s theory.
Since the dual formulations are the same, the Maxwell
kinetic term is self-dual under this duality transformation.
Other examples of self-dual Lagrangians are the Galileons, the
dRGT terms (in the symmetric gauge for the dynamical viel-
beins), and the Lovelock terms (which include the Einstein-
Hilbert term). The self-duality of the Lovelock terms is more
transparent in the formulation of double forms discussed in
the next subsection III E.
E. Double forms
The novel duality comes from the ambiguity in choosing
one of the Levi-Civita symbols to construct differential forms.
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to this ambiguity. We call it “double form” as both of the two
Levi-Civita symbols are used to construct differential forms.
As double forms, the general ghost-free Lagrangians are
(D, D)-forms. The reformulations of the Maxwell kinetic
term and the Einstein-Hilbert term in terms of double forms
and the self-duality of the Lovelock terms are discussed in
Appendix D.
From the perspective of action, the additional D-form
seems to be redundant as an action is an integral over space-
time manifold with the volume form being a D-form. Here
we think of the actions as formal devices for arriving at the
equations of motion.
We want to emphasis that the use of double-form makes
some properties of the ghost-free Lagrangian more transpar-
ent:
• A duality transformation is an exchange of the two D-
forms in a Lagrangian. The self-duality of the Lovelock
terms is clear only in the double form formulations.
• The higher order terms are absent in the equations of
motion because a second order term is a double exact-
form and it vanishes under the action of either µ or ν
exterior derivative.
There is one more important motivation for proposing
“double form”. It comes from the general ghost-free La-
grangians of p-form fields, which is discussed in subsection
IV C. In this case, the concept of “multiple form" is unavoid-
able.
IV. EXAMPLES
In this section, some concrete examples of the general La-
grangians are discussed. We start from the simplest case, the
theories of spin-0 fields, in subsection IV A. Then we move to
the theories of spin-1 fields in subsection IV B. There are two
main directions in extending the discussions of tensor fields.
The first direction is to consider the antisymmetric extension,
p-form fields, which is studied in subsection IV C. The second
direction is to study the symmetric extension, symmetric spin-
2 fields, which are related to gravity. This is discussed in sub-
section IV D, where nonlinear completion for the spin-2 the-
ories are investigated as well. We will not discuss the mixed
extensions of tensor fields. In the end, the coupling among
different kinds of dynamical fields are discussed in subsection
IV E.
A. Spin-0 fields
Using the building blocks in the first line of (35), the gen-
eral ghost-free Lagrangians for scalar fields are
L =
∑
dDx f δµ1...ν1... [∂µΦ][∂
νΦ][∂µ∂
νΦ], (51)
where [X ] are products of X
[X ] =
∏
X (52)
and they could simply be 1. The subscripts i of µi, νi in the
products are not written explicitly. Φ could be different scalar
fields. The scalar functions f could depend on the scalar fields
and their first derivatives.
a. Single scalar field In the case of single field, we have
two sets of possible terms in the ghost-free Lagrangians
L(k)1 = dDx f δµ1...ν1... [∂µ∂νΦ]
= dDx f δµ1...µkν1...νk
k∏
i=1
∂µi∂
νiΦ (53)
and
L(k)2 = dDx f δµ1...ν1... (∂µΦ)(∂νΦ)[∂µ∂νΦ]
= dDx f δµ1...µkν1...νk (∂µ1Φ ∂
ν1Φ)
k∏
i=2
∂µi∂
νiΦ, (54)
where the scalar functions are functions of Φ and ∂ρΦ ∂ρΦ
f = f(Φ, ∂ρΦ ∂
ρΦ). (55)
Eq. (53) has no single-index term, while eq. (54) contains
two single-index terms.
According to the discussion of subsection II G, f could de-
pend on ∂ρΦ. Since f are scalar functions, the free index of
∂ρΦ should be contracted with another ∂ρΦ. Therefore, f de-
pend on Φ and ∂ρΦ ∂ρΦ.
These two Lagrangians are related by integrating by parts
and using the properties of the antisymmetric structure. They
are precisely two equivalent formulations of Galileons, which
are the most general single scalar theories that are Lorentz-
invariant and lead to at most second order equations of motion.
In the case of single scalar field, we can not construct new
theories due to the small numbers of indices. Below we con-
sider two scalar fields and there are considerably richer possi-
bilities.
b. Bi-scalar fields For two scalar fields, we have five
sets of possible terms in the ghost-free Lagrangians
L1 = dDx f δµ1...ν1... [∂µ∂νΦ1][∂µ∂νΦ2], (56)
L2 = dDx f δµ1...ν1... (∂µΦ1) (∂νΦ1) [∂µ∂νΦ1][∂µ∂νΦ2], (57)
L3 = dDx f δµ1...ν1... (∂µΦ2) (∂νΦ2) [∂µ∂νΦ1][∂µ∂νΦ2], (58)
L4 = dDx f δµ1...ν1... (∂µΦ1) (∂νΦ2) [∂µ∂νΦ1][∂µ∂νΦ2], (59)
L5 = dDx f δµ1...ν1... (∂µΦ1) (∂νΦ1) (∂µΦ2) (∂νΦ2)
[∂µ∂
νΦ1][∂µ∂
νΦ2],(60)
9where f are functions of Φ1 and Φ2
f = f(Φ1, Φ2). (61)
Based on the discussion of subsection II G, if a term does not
contain ∂∂Φ2, then f could depend on ∂ρΦ1∂ρΦ1. In paral-
lel, if a term does not have ∂∂Φ1, then f could be a function
of ∂ρΦ2∂ρΦ2. These two cases are similar to the theories of
single scalar field. The bi-galileons [14] are special cases of
eq. (56) where
f = a1Φ1 + a2Φ2. (62)
Besides bi-Galileons, multi-Galileons were investigated us-
ing the brane-world constructions [15]. Their structure are
similar to the bi-Galileons and they are special cases of eq.
(51) as expected.
B. Spin-1 fields
Using the building blocks in the second and third lines of
(35), the general ghost-free Lagrangians for vector fields read
L =
∑
dDx f δµ1...ν1... [Aµ][A
ν ][∂µAµ][∂
νAµ]
[∂µA
ν ][∂νAν ][∂µ∂
νAµ][∂µ∂
νAν ], (63)
where Aµ could be different spin-1 fields and f could depend
on AµA
µ
. The notations are explained below eq. (51).
For single spin-1 field, there are three sets of ghost-free
terms
L1 =
∑
dDx f δµ1...ν1... [∂µAµ][∂
νAµ]
[∂µA
ν ][∂νAν ][∂µ∂
νAµ][∂µ∂
νAν ], (64)
L2 =
∑
dDx f δµ1...ν1... [Aµ][∂µAµ][∂
νAµ]
[∂µA
ν ][∂νAν ][∂µ∂
νAµ][∂µ∂
νAν ], (65)
L3 =
∑
dDx f δµ1...ν1... [Aµ][A
ν ][∂µAµ][∂
νAµ]
[∂µA
ν ][∂νAν ][∂µ∂
νAµ][∂µ∂
νAν ], (66)
where L1 has no single-index term in the antisymmetric prod-
ucts, L2 and L3 contain one and two single-index term in the
products.
If second order terms ∂∂A exist, f can only be constants.
Otherwise, f could depend on AρAρ. In other words, when
there are second order terms, the indices of the single-index
terms Aµ should be antisymmetrized even though we are dis-
cussing single field theories. This is based on the analysis of
subsection II G. Below we explain this point in more detail.
After one decomposes the spin-1 field into the transverse
and the longitudinal parts
Aµ = A
T
µ + ∂µΦ, ∂
µATµ = 0, (67)
the second order terms become
∂µ∂
νAµ → ∂µ∂νATµ , ∂µ∂νAν → ∂µ∂ν(AT )ν . (68)
For example, when the Lagrangians are constructed from Aµ1
and ∂µ2∂νAµ3 , we have a dangerous term
∂µ1Φ ∂µ2∂
νATµ3 , (69)
whose equations of motion contain third order terms. To avoid
the third order term, the indices (µ1, µ2, µ3) should be anti-
symmetrized, so the scalar function f can not depend on Aµ.
For U(1) gauge invariant theories, only the gauge-invariant
building blocks
∂µAµ, ∂
νAν , ∂µ∂
νAµ, ∂µ∂
νAν (70)
are allowed. It was showed in [16] that, to avoid higher order
terms in the equations of motion, the indices of Aµ should be
antisymmetrized. These Lagrangians are built from the spe-
cial cases of (64) where ∂µAν , ∂νAµ are absent and f are
constants. However, the corresponding equations of motion
vanish due to antisymmetry, except Maxwell’s equations from
the Maxwell kinetic term.
Intuitively, the vanishing of equations of motion follows
from the absence of zeroth order terms (modulo integrating
by parts). One can consider non-trivial Lagrangian by intro-
ducing zeroth order terms. It is known that a zeroth order term
can break the U(1) gauge symmetry. Therefore, the goal be-
comes constructing Galileon-like theories of spin-1 field with-
out gauge invariance [17] . They are some special cases of eq.
(63) without the zeroth and the second order terms in the an-
tisymmetric products. They are the generalization of Proca’s
theory.
The Lagrangian of Proca’s theory consists of a Maxwell ki-
netic term and a mass term which break the gauge symmetry.
The equations of motion for the decomposed fields (ATµ , Φ)
are of second order and no ghost-like degrees of freedom are
propagating in the Proca theory.
The absence of ghost-like degrees of freedom can be seen
from the Hamiltonian analysis as well. In Maxwell’s the-
ory, there is a primary constraint and a secondary constraint,
which are first class constraints and eliminate 2 × 2 degrees
of freedom in phase space. In Proca’s theory, gauge symme-
try is broken by the mass term. The first class constraints in
Maxwell’s theory become second class constraints and their
Poisson brackets on the constraint surface are proportional to
the squared mass. Therefore, 2 × 1 degrees of freedom are
eliminated and the Proca theory have 3 × 2 dynamical de-
grees of freedom. The longitudinal scalar ghost is killed by
the second-class constraints.
Gauge symmetries are very efficient in eliminating ghost-
like degrees of freedom, but they are not the necessary ingre-
dients for ghost-free theories. As in the Proca theory, ghost-
like degrees are not propagating due to the existence of sec-
ond class constraints, which are not related to gauge symme-
tries. They eliminate less degrees of freedom than the first
class constraints, but they can still kill the ghost-like degrees
of freedom.
One of the motivations of this work is to relax the guiding
principle from gauge-invariance to ghost-freeness. Then we
examine how the general structure of the consistent theories
are constrained by this weaker assumption.
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By construction, each Lagrangian in the form of eq. (63)
has at least one primary constraint for each spin-1 fields. Let
us consider single spin-1 field for simplicity. The primary
constraint is the zero component of the conjugate momentum
π0 =
∂L
∂A˙0
= F (A0, Ai, ∂iA0, ∂iAj , δ
ij), (71)
whose right hand side does not contain time derivative. This
is because the derivative indices in (63) are antisymmetrized.
There are only two antisymmetric chains and the two 0 indices
are already used in ∂0A0, so the right hand side of (71) do not
contain any time derivative.
The primary constraint is accompanied by a secondary con-
straint which preserves the primary constraint in time, so at
least two degrees of freedom are eliminated. Therefore, the
theories with Lagrangian (63) contain at most 3 × 2 dynam-
ical degrees of freedom and the longitudinal scalar ghost is
eliminated, which is similar to the Proca theory. This is a
model-independent statement.
However, there could be more primary constraints as well
as tertiary, quaternary, . . . constraints from the universal pri-
mary constraint π0 = F . The answers to how many degrees
of freedom are indeed propagating dynamically are model-
dependent.
C. p-form fields
Scalar and vector fields can be regarded as 0-form and 1-
form field. One direction of extending the discussions is to
consider p-form fields. The results are straightforward gener-
alization of those of the spin-1 fields.
The ghost-free terms for p-form fields can be obtained from
eq. (63) by the following substitutions
Aµ → Bµ1µ2...µp , Aν → Bν1ν2...νp , (72)
where the indices in Bµ1µ2...µp are antisymmetrized
Bµ1µ2...µp = B[µ1µ2...µp]/p!. (73)
The general ghost-free Lagrangians for the p-form fields
read
L =
∑
dDx f δµ1...ν1... [Bµ...][B
ν...][∂µBµ...][∂
νBµ...]
[∂µB
ν...][∂νBν...][∂µ∂
νBµ...][∂µ∂
νBν...].(74)
f can depend on B if similar requirements are satisfied as the
cases of spin-1 fields.
In contrast to the symmetric tensor fields, p-form fields can
be decomposed only one time despite the large number of in-
dices. The decomposed fields in the p-form fields are the exact
part and the non-exact part
Bµ1...µp = B
T
µ1...µp
+ ∂[µpCµ1...µp−1] (75)
or
Bµ1...µpdx
µ1 ∧ · · · ∧ dxµp
=BTµ1...µpdx
µ1 ∧ · · · ∧ dxµp
+d (Cµ1...µp−1dx
µ1 ∧ · · · ∧ dxµp−1 ), (76)
d(d (Cµ1...µp−1dx
µ1 ∧ · · · ∧ dxµp−1)) = 0, (77)
where d is exterior derivative and here the transverse part is
the non-exact part of the p-form fields. By construction, the
equations of motion for (BT , C) are at most of second order.
The p-form Galileons proposed in [18] are built form the
field strength F
Fµ1...µp+1 = ∂[µp+1Bµ1...µp], (78)
so they are special cases of (74) without
Bµ..., B
ν..., ∂µB
ν..., ∂νBµ.... (79)
Since we have two chains of antisymmetrized indices, some
of the form indices could coincide and the total number of
form indices could be larger than the spacetime dimension D.
In addition, a true p-form field is not simply its components
and the indices should be contracted with the wedge products
of dx
Bµ1...µp → Bµ1...µpdxµ1 ∧ · · · ∧ dxµp . (80)
Bν1...νp → Bν1...νpdxν1 ∧ · · · ∧ dxνp . (81)
This is the practical reason that we need the notion of “double
form”, as there are two chains of antisymmetrized indices. If
we do not use the volume form to build the p-form fields, the
Lagrangians will become “triple forms”.
D. Spin-2 fields
The general ghost-free Lagrangians for symmetric spin-2
fields are constructed from the building blocks in the fourth
lines of (35)
L =
∑
dDx f δµ1...ν1... [hµ
ν ][∂µhµ
ν ][∂νhµ
ν ][∂µ∂
νhµ
ν ], (82)
where hµν could be different spin-2 fields. f are constants
because the spin-2 fields themselves have already two indices
while only single-index terms could be harmless and live in f .
c. Single spin-2 field For the case of single spin-2 field,
eq. (82) can be simplified by integrating by parts
L =
∑
dDx f δµ1...ν1... [hµ
ν ][∂µ∂
νhµ
ν ]. (83)
or
L =
∑
dDx fi,j Li,j , (84)
Li,j = δµ1...µ2i+1ν1...ν2i+1
(
i∏
k=1
∂µ∂
νhµ
ν
)(
2i+j∏
k=2i+1
hµ
ν
)
, (85)
where i and j indicate the numbers of ∂∂h and h in the prod-
ucts.
Let us see what Li,j are. When there are no zeroth or-
der term, Li,j are total derivatives due to antisymmetrization.
When j = 1, Li,1 correspond to the non-vanishing leading
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perturbative terms of the Lovelock terms. In particular, L1,1
is the linearized Einstein-Hilbert term. If i = 0, L0,j are the
perturbative terms form the ghost-free potentials. For exam-
ple, L0,2 is the Fierz-Pauli term. L0,j with j > 2 are pertur-
bative terms from the dRGT terms. Li,j were studied before
in [19] .
The Lagrangians (83) are not very satisfactory from the
perspective of gravitational theories. The actions of gravity
should be a functional of the metric fields
gµν = ηµν + hµν , (86)
rather than its perturbation around the Minkowski metric. In
addition,Li,j have no geometric meanings as they are just per-
turbative terms. We also expect an infinite series in terms of
hµν . Therefore, we look for nonlinear, geometric completion
for (83).
We can learn a lot from the known nonlinear completion.
The dRGT terms are nonlinear completion for L0,j . They are
highly nonlinear in the language of metric, which make use
of the square root of metric products. However, they are very
elegant in the vielbein formulation [20] . They are simply the
wedge products of the dynamical vielbein and the background
vielbein
LdRGT =E ∧ · · · ∧ E ∧ η ∧ · · · ∧ η
= ǫν1...νDE
ν1 ∧ · · · ∧ Eνk ∧ ηνk+1 · · · ∧ ηνD , (87)
where E is the dynamical vielbein and η is the (Minkowski)
background vielbein. We also know the nonlinear completion
for Li,0. They are the Lovelock terms
LLovelock =R ∧ · · · ∧R ∧ E ∧ · · · ∧E
= ǫν1...νDR
ν1ν2 ∧ · · · ∧Rν2k−1ν2k ∧
Eν2k+1 ∧ · · · ∧EνD . (88)
Therefore, we find a bonus of reformulating the general
framework in the language of differential forms. It provides
us very natural candidates for the nonlinear completion of the
zeroth and the second order terms: they should be the dynam-
ical vielbein and the curvature two-form!
The natural nonlinear completion for Li,j are
L = R ∧ · · · ∧R ∧ E ∧ · · · ∧ E ∧ η ∧ · · · ∧ η, (89)
where R is the curvature two-form of the dynamical vielbein
E and η is the Minkowski vielbein. These terms are all the
possible wedge products of curvature two-form, dynamical
vielbein and the background vielbein. The natural nonlinear
completion for the first order terms are spin-connections, but
it is less clear how to contract their indices.
Now we have some interesting theories from Lagrangians
(89). In four dimensions and around Minkowski spacetime,
there are two more kinetic terms for graviton
L1 = R(E) ∧ E ∧ η, L2 = R(E) ∧ η ∧ η, (90)
where E is the only dynamical vielbein, R is the curvature
two-form whose spin-connection is compatible with E and η
is the Minkowski vielbein.
For symmetric vielbein, the kinetic terms in (90) are metric
theories in disguise. The kinetic terms in [21], which were
obtained from dimensional deconstruction, are linear combi-
nations of L1, L2 in (90) and the Einstein-Hilbert term. The
minisuperspace analysis in [21] showed the existence of ab-
normalN−2 terms, which signals the presence of BD ghost in
these kinetic terms. In [22], negative results were also found
in the first order formulation of these kinetic terms.
d. Multiple spin-2 fields The natural candidates for the
nonlinear, geometric completion for (82) are
L =
∑
fR ∧ · · · ∧R ∧ ω ∧ · · · ∧ ω ∧ E ∧ · · · ∧ E, (91)
where f are constants, E could be different vielbeins and
R, ω could be different curvature two-forms and spin connec-
tions that are associated with different vielbeins.
In general, curvature two-forms, spin-connections and viel-
beins are the geometric forms in the general ghost-free La-
grangians (44) in the formulation of differential forms.
E. Coupled fields
The constructions of ghost-free interaction among different
kinds of fields are also straightforward, which can be done
by using the building blocks in (35). f as a function should
depend only on the scalar fields and the single-index terms.
One should be careful about the single-index terms according
to the discussion in subsection II G.
However, subtleties arise when we interpret the spin-2
fields as metric perturbations.
Gravity is universally coupled to all matter. When we
consider curved spacetime, the Minkowski metric and the
Minkowski vielbein should be substituted with the curved
metric and the dynamical vielbein. Derivatives are replaced
with covariant derivatives, which introduce additional contri-
butions from connection.
From the perturbative point of view, after covariantization,
ghost-free interactions that do not involve spin-2 fields are ac-
companied by higher order terms that contain spin-2 fields. To
obtain second order equation of motion, counter-terms should
be introduce to cancel the dangerous terms induced by con-
nection [23]. For example, The most general scalar-tensor the-
ories, the Horndeski theories [5], that directly lead to second
order equations of motion were rediscovered by covariantiz-
ing the Galileons.
We want to comment that the new scalar-tensor theories
proposed in [9] are still encompassed in this general frame-
work, as the new terms reduce to the form of eq. (54) at the
lowest order. As we discuss in the end of subsection II H, only
the lowest order terms need total antisymmetrization. The re-
lated developments are due to the subtleties from covarianti-
zation or the nonlinear structure of the gravitational sector.
V. CONCLUSIONS AND OUTLOOK
To summarize, a general framework for Lagrangian field
theories is developed . The basic assumptions are Lorentz-
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invariance and the absence of higher (than second) order terms
in the equations of motion for the decomposed fields. The
antisymmetric structure emerges as the solution to the local
ghost-free equation (17). Using the antisymmetric Kronecker
delta, the general Lagrangians (34) are constructed and the
building blocks are (35). Then we reformulate this framework
in the language of differential forms (44). The geometric na-
ture of ghost-freeness is elucidated. A novel duality is discov-
ered and a related concept of “double form” is proposed. All
well-established Lagrangian field theories have natural formu-
lation in this framework. Many new theories are constructed
as well.
To guarantee the Hamiltonian is bounded from below, it is
not enough to show the equations of motion are of second
orders. We are working on the Hamiltonian analysis of the
new theories, for example some cases of the spin-1 fields.
Recently, in [24], massive gravity with standard kinetic
term in triangular gauge was investigated. Lorentz-invariance
is spontaneously broken by the internal frame and it was
claimed that only two degrees of freedom are propagating in
this theory. Along this line, the new kinetic terms (90) in the
triangular gauge, which was first proposed in [25], have more
promise to be ghost-free.
The connection between ghost-instability and higher order
equations of motion is not completely clear. In particular, re-
cent developments in scalar-tensor theories [9] indicate there
are some interesting subtleties.
It will be interesting to find first-order formulation of the
general framework. The second order Lagrangian are re-
covered by solving the equations of motion for the auxiliary
fields. The case of the Galilean invariant theories has been
done and they turn out to be Wess-Zumino terms [26] .
Another important extension of the general framework is
to include half-integer spin fields, which are the matter con-
tent in the standard model of particle physics. The reformu-
lation of this framework in terms of differential forms should
be a proper starting point. In addition, the concept of “double
form" might be related to spinor or tangent/cotangent bundles
formulations.
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Appendix A: An example of Ostrogradsky’s instability
To have some concrete idea of the Ostrogradsky’s instabil-
ity discussed in subsection II B, let us consider an example
in which the Lagrangian of a scalar field φ contains a fourth
order interaction. The Lagrangian reads
L = −1
2
∂µφ∂
µφ+
1
2
σΛ−2 φ2φ, (A1)
where σ is the sign of the fourth order term,  = ∂µ∂µ is
the d’Alembert operator and Λ is some energy scale. This is a
simplified version of the example in [27] where the potential
term in (A1) vanishes.
The fourth order term can be transformed to lower order by
introducing an auxiliary scalar field χ
L = −1
2
∂µφ∂
µφ− σ ∂µχ∂µφ− 1
2
σΛ2χ2. (A2)
By integrating out the auxiliary field or solving the equation
of motion for χ, one recovers the original Lagrangian (A1).
The kinetic terms are diagonalized by introducing another
scalar field
Φ = φ+ σχ. (A3)
The Lagrangian (A1) becomes
L = −1
2
∂µΦ ∂
µΦ+
1
2
∂µχ∂
µχ− 1
2
σΛ2 χ2. (A4)
We can see the auxiliary field χ becomes dynamical and the
two kinetic terms have opposite signs. One of them must have
a wrong sign even if we change the original sign of the kinetic
term for φ.
Let us follow the original convention in the Lagrangian
(A1). The scalar field χ corresponds to ghost-like degrees of
freedom due to the wrong sign of (∂χ)2. The Hamiltonian is
not bounded from below as the kinetic energy of χ is negative.
The sign of the fourth order term determines whether χ is a
tachyon with negative mass squared. From the perspective of
effective field theories, Λ is the cutoff scale and the ghost-like
degrees of freedom will be excited when the energy scale is
larger than Λ.
Appendix B: Linear theories of spin-2 fields
From subsection II B to subsection II E, we discuss
the ghost-free constraints on Lorentz-invariant theories and
the emergence of antisymmetric structure from Lorentz-
invariance and ghost-freeness.
Now let us consider a concrete example: the linear theories
of symmetric rank-2 tensor fields. Some discussions of this
appendix overlap with the section 2.2 of de Rham’s compre-
hensive review on massive gravity [28] .
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We assume that the linear theories of spin-2 fields are
Lorentz-invariant and free of ghost-like degrees of freedom.
In the discussions below, antisymmetric structure emerges as
a consequence of these two assumptions. The unique ghost-
free kinetic term turns out to be the linearized Einstein-Hilbert
action and the unique ghost-free mass term requires the Fierz-
Pauli tuning.
Schematically, the general quadratic action of the linear the-
ory reads
L = ∂h ∂h+ hh, (B1)
where the symmetric rank-2 tensor can be thought of as the
metric perturbation hµν = gµν − ηµν .
For Lorentz-invariant theories, the indices are contracted by
the Minkowski metric. The Lagrangian is
L = ∂µhρρ ∂νhµν + ∂µhµρ ∂νhνρ + ∂µhνρ ∂νhµρ
+∂µhνρ ∂
µhνρ + ∂µhν
ν ∂µhρ
ρ + (hµ
µ)2 + hµνh
µν ,
(B2)
where the Lorentz-invariant terms should be multiplied by
some coefficients. The second term and the third term are
related by integrating by parts and we keep only the second
term. The general Lorentz-invariant quadratic action reads
L = c1 ∂µhρρ∂νhνµ + c2 ∂µhρµ∂νhνρ
+ c3 ∂µhρ
ν∂µhν
ρ + c4 ∂µhρ
ρ∂µhν
ν
+ c5 hµ
µhν
ν + c6 hµνh
µν , (B3)
where the coefficients c1, . . . , c6 will be constrained by the
requirement that the ghost-like degrees of freedom are absent.
Now let us follow the approach in subsection II C and de-
compose the metric perturbation into transverse and longitu-
dinal modes
hµν = h
T
µν + ∂µAν + ∂νAµ + ∂µ∂νΦ, (B4)
where
∂µhTµν = ∂
µAµ = 0. (B5)
In four dimensions, (hTµν , A, Φ) have (6, 3, 1) independent
variables. The total number of independent variables is 10,
which is the same as that of a symmetric rank-2 tensor.
In terms of the decomposed fields, the quadratic Lagrangian
(B3) reads
L = c3 ∂µ(hT )ρν∂µ(hT )νρ + c4 ∂µ(hT )ρρ∂µ(hT )νν
+c5 (h
T )µ
µ
(hT )ν
ν
+ c6 (h
T )µν(h
T )µν
+2c6 ∂µAν∂
µAν + 2c5 (h
T )µ
µ
(Φ)
+(c2 + 2c3)Aρ
2Aρ − (c1 + 2c4) (hT )µµ(2Φ)
−(c1 + c2 + c3 + c4)Φ3Φ+ (c5 + c6)Φ2Φ.
(B6)
The terms in the last two line will lead to higher order equa-
tions of motion and ghost-like degrees of freedom will be
propagating according to Ostrogradsky’s theorem. To have
second order equations of motion, we require the coefficients
of these higher order terms vanish
c2+2c3 = c1+2c4 = c1+c2+c3+c4 = c5+c6 = 0. (B7)
Since there are four equations for (c1, . . . , c6), only two co-
efficients are independent. One corresponds to the coefficient
of the kinetic term and the other one is the coefficient of the
mass term. We will parametrize the ghost-free theories by c3
and c5. The general ghost-free Lagrangian reads
L = c3(2 ∂µhρρ∂νhνµ − 2 ∂µhρµ∂νhνρ
+ ∂µhρ
ν∂µhν
ρ − ∂µhρρ∂µhνν)
+c5(hµ
µhν
ν − hµνhµν), (B8)
which can be written in a compact form using antisymmetriza-
tion
L = c3 hρ[ρ∂µ∂µhνν] + c5 hµ[µhνν]. (B9)
Note that the indices in [. . . ] are antisymmetrized and here
we use the unnormalized convention. The first term is the lin-
earized Einstein-Hilbert term and the second term is the Fierz-
Pauli term. They are special cases of the general ghost-free
Lagrangian for spin-2 fields discussed in subsection IV D.
In terms of the decomposed fields, the ghost-free La-
grangian is
L = c3
[
∂µ(h
T )ρ
ν
∂µ(hT )ν
ρ − ∂µ(hT )ρρ∂µ(hT )νν
]
+c5
[
(hT )µ
µ
(hT )ν
ν − (hT )µν(hT )µν
]
−2c5 ∂µAν ∂µAν + 2c5 (hT )µµ(Φ). (B10)
The linearized Einstein-Hilbert provides a kinetic term
for the transverse tensor mode hTµν . In massless theories
with c5 = 0, the longitudinal modes do not appear in the
Lagrangian, so the Lagrangian is invariant under arbitrary
change of the longitudinal modes. In this case, the longitu-
dinal modes correspond to the gauge freedom and the linear
Lagrangian is invariant under linearized diffeomorphisms.
When c5 6= 0, the Fierz-Pauli mass term generates a
Maxwell kinetic term for the vector modes Aµ. Following
the analysis of spin-2 fields, one can show that the Maxwell
kinetic term is precisely the unique ghost-free kinetic term for
spin-1 fields. Here it emerges from the ghost-free mass term
for the spin-2 fields.
A positive mass squared m2 for hTµν corresponds to c5 > 0.
Correspondingly, the kinetic term for the spin-1 field has a
correct sign as well.
The crossing term hT (Φ) requires diagonalization. It
can be shown that after diagonalization the longitudinal scalar
mode Φ do not have a kinetic term. The equation of motion
for Φ is a constraint. Φ is determined to be proportional to the
trace of hTµν .
Below are the details of diagonalization. The kinetic terms
can be diagonalized by introducing a spin-2 field
Hµν = h
T
µν + C Φ ηµν , C = c5/(3c3) (B11)
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and the Lagrangian of the decomposed fields is
L = c3(∂µHρν∂µHνρ − ∂µHρρ∂µHνν)
+ c5(Hµ
µHν
ν − HµνHµν)
+ 6CHµ
µΦ + 12C2Φ2
−2c5 ∂µAν∂µAν . (B12)
Appendix C: Translating Galileons into the language of
differential forms
In this appendix, we consider the theories of single scalar
field and translate the general ghost-free terms from the lan-
guage of tensor (34) to that of differential form (44).
In the original formulation, the general ghost-free terms for
single scalar field read
L(k)Galileon = dDx f δµ1...µkν1...νk
k∏
i=1
∂µi∂
νiΦ, (C1)
where f are scalar functions of Φ and ∂ρΦ∂ρΦ.
In the first step, we write the antisymmetric Kronecker delta
in terms of the product of Levi-Civita symbols using eq. (33)
L(k)Galileon = dDx f ǫν1...νDǫµ1...µD(
D∏
i=k+1
ηµi
νi
)(
k∏
i=1
∂µi∂
νiΦ
)
(C2)
and replace the volume form dDx and the µ-Levi-Civita sym-
bols with the wedge products of dxµi
L(k)Galileon = f ǫν1...νD
(
k∏
i=1
∂µi∂
νiΦ
)(
D∏
i=k+1
ηµi
νi
)
dxµ1 ∧ · · · ∧ dxµD . (C3)
In the second step, we use the Minkowski vielbein ην =
ηµ
νdxµ
L(k)Galileon = f ǫν1...νD
(
k∏
i=1
∂µi∂
νiΦ
)
dxµ1 ∧ · · · ∧ dxµk ∧ ηνk+1 ∧ · · · ∧ ηνD . (C4)
In the third step, we introduce a matter differential form
ων = ∂µ∂
νΦ dxµ (C5)
and the Lagrangians become
L(k)Galileon = f ǫν1...νD ων1 ∧ · · · ∧ ωνk ∧ ηνk+1 ∧ · · · ∧ ηνD
(C6)
or
LGalileon = f ω ∧ · · · ∧ ω ∧ η ∧ · · · ∧ η. (C7)
Appendix D: Examples of double forms
To illustrate the concept of double form proposed in subsec-
tion III E, we reformulate the Lagrangians of two conventional
theories in terms of double forms. In a double form, both the
two Levi-Civita symbols are used to construct D-forms, so we
have two of them.
Firstly, we consider the 4D Maxwell kinetic term
LMaxwell = F ∧ ∗F. (D1)
As a double form, it reads
LMaxwell ∼ F ∧ F˜ ∧ η ∧ η, (D2)
whereF is a (2, 0)-form, F˜ is a (0, 2)-form, η is a (1, 1)-form
F = ∂µ1Aµ2(dx
µ1 ∧ dxµ2 )(I˜), (D3)
F˜ = ∂ν1Aν2(I)(dx˜
ν1 ∧ dx˜ν2 ), (D4)
η = ηµν(dx
µ)(dx˜ν ). (D5)
The Maxwell kinetic term in four dimensions is a (4, 4)-form
LMaxwell ∼ ∂µ1Aµ2∂ν1Aν2ηµ3ν3ηµ4ν4(d4x)µ(d4x˜)ν
(D6)
where
(d4x)µ = (dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4 ), (D7)
(d4x˜)ν = (dx˜ν1 ∧ dx˜ν2 ∧ dx˜ν3 ∧ dx˜ν4 ). (D8)
Secondly, let us consider the example of Einstein-Hilbert
kinetic term in four dimensions. In the standard formulation,
the Einstein-Hilbert Lagrangian reads
LEH = ǫν1ν2ν3ν4 Rν1ν2 ∧ Eν3 ∧ Eν4 , (D9)
where νi are the indices of the internal Lorentz frame and the
external (spacetime) differential form is constructed from the
µ-indices.
Now we use the Levi-Civita symbol to construct one more
D-form. The Einstein-Hilbert term becomes
LEH = Rµ1µ2, ν1ν2 Eµ3ν3 Eµ4ν4 (d4x)µ (d4x˜)ν , (D10)
where µi are external indices and νi are internal indices.
(d4x)µ is an external 4-form and (d4x˜)ν is an internal 4-form.
The µ-indices are raised and lowered by the external metric
gµ1µ2 and the ν-indices by the internal metric g˜ν1ν2 . We do
not restrict the internal frame to be a Lorentz frame, so g˜ν1ν2
is not necessarily a Minkowski metric.
Now let us examine the building blocks of the Einstein-
Hilbert term. A “vielbein” as a double form is a (1, 1) form
Eµν(dx
µ)(dx˜ν) = g˜ν1ν2(dx˜
ν1 )(dx˜ν2 )
= ds2
= gµ1µ2(dx
µ1 )(dxµ2 ), (D11)
which is related to the line element.
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Similarly, a “curvature two-form" become a (2, 2) form
Rµ1µ2, ν1ν2(dx
µ1 ∧ dxµ2 )(dx˜ν1 ∧ dx˜ν2)
=Rµ1µ2, µ3µ4(dx
µ1 ∧ dxµ2 )(dxµ3 ∧ dxµ4 )
=Rν1ν2, ν3ν4(dx˜
ν1 ∧ dx˜ν2)(dx˜ν3 ∧ dx˜ν4), (D12)
where R are all different in the three lines and they are related
by Eµν due to the changes of basis.
Both “vielbeins" and “curvature two-forms" are self-dual in
the formulation of double forms. In this way, we can see the
Einstein-Hilbert term is a self-dual double form. More gener-
ally, the Lovelock terms are the wedge products of vielbeins
and several curvature two-forms, so we can conclude that the
Lovelock terms are self-dual as well.
The Lovelock terms in the double form formulation are in-
variant under the changes of both internal and external frames.
The standard Lagrangian in a scalar action is the component
of the double form with one of the D-forms gauge-fixed to be
the Minkowski vielbein. The reason behind this connection is
not very clear.
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